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Ultracompact concentrators and illuminators that approach the thermodynamic limit to optical perfor-
mance can be realized with purely imaging strategies. We explore two-stage reflector systems where each
optical surface is tailored to eliminate one order of aberration—the so-called aplanatic designs. The
contours are monotonic functions that can be expressed analytically, which are important for the facil-
itation of optimization studies and practical fabrication. The radiative performance of the devices pre-
sented is competitive with, and even superior to, that of high-flux nonimaging systems. Sample results
of practical value in solar concentration and light collimation are presented for systems that cover a wide
range of numerical aperture. © 2005 Optical Society of America
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1. Introduction

Concentrators and illuminators capable of approach-
ing the thermodynamic limit to radiative transfer
have commonly been regarded within the realm of
nonimaging optics.1 The alternative of a purely im-
aging strategy in which each of two mirrored con-
tours is tailored to eliminate one order of aberration
was presented in Ref. 2, which included a sample
solar concentrator design capable of realizing flux
levels above those of even the best nonimaging de-
signs.

The elimination of an order of geometric aberration
provides a degree of freedom for tailoring an optical
surface. For example, a paraboloidal reflector or a
plano–convex lens removes zeroth-order (spherical)
aberration. If two surfaces can be tailored, then both
zeroth- and first-order (comatic) aberration can be
overcome (referred to as aplanatic). Although high-
definition, high-f-number imaging systems have in-

corporated aplanatic devices, to our knowledge the
value of such double-tailored systems for radiation
concentration or collimation has remained unex-
plored. (The viewpoint and nomenclature of concen-
trators are adopted in the analysis that follows,
although the application to illumination is straight-
forward as addressed in Section 5.)

Our foray into pure imaging reflector strategies for
high-flux applications is motivated by the practical
value of simultaneously satisfying (1) ultracompact-
ness, (2) maximum concentration at high collection
efficiency, (3) allowing a sizable gap between the ab-
sorber and the mirrors, (4) an upward-facing ab-
sorber, and (5) obviating chromatic aberration.
Nonimaging optical designs are typically not compact
and do not accommodate a large gap at the receiver,
unless a significant loss in either efficiency or concen-
tration is incurred.1 Common parabolic and Casse-
grain designs provide some, but not all, of these goals.
For example, high-f-number systems exhibit small
aberrations, but require large aspect ratios and gen-
erate low flux. Although compactness and high flux
can be achieved with Cassegrains, they incur exces-
sive shading.3,4

Recent progress in maximum-performance solar
concentrators,5–9 and in collimation for light-emitting
diodes and fiber-optic applications, motivate our ex-
ploration of the notions portrayed in Ref. 2. The
calculational methods depicted in Ref. 2 are cum-
bersome, but analytic solutions for the mirror con-
tours are now available and markedly facilitate the
analysis of a broad range of high-performance opti-
cal designs. Our studies are restricted to a far-
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field source. The near-field problem will be
broached in a future study, prompted in part by the
needs of modern projection systems, as well as
light-based fiber-optic surgical applications with ul-
trabright incoherent light.10

2. Design Formalism

Figure 1 portrays the tailoring of axisymmetric im-
aging mirrors for concentrating uniform radiation
with numerical aperture NA1 onto a flat single-sided
absorber at an exit NA2. The constrained thermody-
namic limit to flux concentration is1,11

Cmax � (NA2�NA1)
2. (1)

Therefore the absorber diameter should not be less
than

dmin � D(NA1�NA2), (2)

where D denotes the entrance diameter. Larger ab-
sorber diameters can raise the collection efficiency,
but at the expense of diminished average flux con-
centration. This fundamental trade-off between con-
centration and collection efficiency is quantified in
Section 4 for an assortment of tailored imaging de-
signs.

Satisfying Fermat’s constant-string-length pre-
scription and Abbe’s sine condition constitutes the
correction for zeroth- and first-order aberrations, re-
spectively1,2:

L0 � L1 � L2 � constant, (3)

R � (constant�) sin(�), (4)

where L denotes the string length, R is the radial

coordinate at the entrance aperture, and � is the
angle at which a ray reaches the focus [NA2
� sin��max�, established by the extreme ray from the
primary mirror’s rim]. The focus is selected as the
origin of the coordinate system (and can lie near or
even behind the apex of the primary for sufficiently
low NA2). One then incorporates Snell’s law of reflec-
tion (a differential equation) and specifies two geo-
metric parameters that we choose as the distances
between the apex of the primary and secondary (s)
and the focus and the apex of the secondary (K).

A method to solve these coupled equations analyt-
ically was recently presented.12,13 The parametric so-
lution for the axial (X) and radial (R) coordinates for
the primary (subscript p) and secondary (subscript s)
shapes is

Rp �
2T

1 � T2,

Xp � s �
1

1 � T2 �
[s � (1 � s)T2][1 � Kg(T)]

s(1 � T2)2 ,

Rs �
2sKTg(T)

s � (1 � s)T2 � KT2g(T)
,

Xs � �
sK(1 � T2)g(T)

s � (1 � s)T2 � KT2g(T)
, (5)

where

T � tan(��2), g(T) � �1 �
�1 � s�T2

s �
�s
1�s

.

The radius of the primary is NA2. Equations (5) are
the solution on one side of the optic axis; the other
half is its mirror image. Mathematically valid but
physically inadmissible designs exist (numerous ex-
amples appear in Refs. 12 and 13), but are not exam-
ined here. We impose the pragmatic constraint that
shading losses not exceed 0.03. In addition, only de-
signs with negligible blocking losses (i.e., rays re-
flected from the primary that strike the light guide)
are presented.

3. Complementary Solutions

The analysis above, as well as that of Ref. 2, comprise
a diverging optical system, i.e., the caustic of rays
from the primary resides behind the secondary.
There is also a second class of complementary con-
verging solutions, where the caustic lies between the
primary and the secondary (and the secondary is al-
ways concave). The solution of Eqs. (5) is the same,
but with negative values for the geometric input pa-
rameters (Fig. 2).

Some cases can result in substantial losses:

(a) the caustic of rays from the primary can oc-

Fig. 1. Illustration of concentrator design. Mirror contours are
tailored such that all paraxial rays are focused and the Abbe sine
condition is satisfied. Irradiation from the actual extended far-field
source has NA1 � sin���, to be concentrated onto an extended,
upward-facing disk, depicted here as the entrance to an equidiam-
eter light guide. In illumination mode, light emitted over NA2 from
a point focus would emerge perfectly collimated; but the actual
illuminator has an extended source and emits over NA1.
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cupy the vicinity of the exterior of the secondary, so
that rays from the primary strike the outside of the
secondary—exceedingly so for compact units and
high NA2;

(b) the secondary can fall below the entrance ap-
erture of the primary, in which case a significant
fraction of rays from the primary is lost on the exte-
rior of the secondary; and

(c) as NA2→1, the overlap between the bottom of
the absorber and the caustic can produce consider-
able blocking.

Because our analyses revealed that, relative to di-
verging designs, converging solutions enjoy neither
any practical or flux performance advantage nor
greater tolerance to optical errors, the examples
given in Section 4 are restricted to diverging solu-
tions.

4. Optical Performance

Optical performance was ascertained with simula-
tions14 in which 250,000 rays distributed uniformly
both spatially and in solid angle were traced, with a
top-hat angular input distribution. Results are sum-
marized as flux maps for a particular concentrator
with varying NA1 values (Fig. 3). (To avoid ambiguity
in the length scale for the different cases in Fig. 3, the
radius of each primary dish is defined as unity.)

Characteristic plots of efficiency against concentra-
tion4 (Fig. 4) follow from flux map integration. Effi-
ciency remains less than unity even in the low-
concentration regime due to ray rejection and
shading. Absorption in the (specular) reflectors is not
included but is readily estimated as 1-�2 (� is the
reflectivity) since each ray experiences exactly two
reflections. Fresnel reflections from the absorber are
also not accounted for since they are material specific
and easily quantified.

NA1 represents the convolution of the actual source
size with optical errors. With solar concentrators in
mind, ray-trace simulations were performed for
NA1 � 0.005 because the solar disk subtends an an-
gular radius of 0.0047 rad and optical errors com-
mensurate with NA1 � 0.005 are experimentally

attainable.15 The largest NA1 value of 0.020 sub-
sumes liberal errors in mirror contour and alignment.

No special significance should be attached to the
NA2 values chosen for Fig. 4 [except in Fig. 4(c) to-
ward demonstrating that practical devices are possi-
ble at the ultimate flux limit of NA2 � 1.00]. Figures
4(a) and 4(b) were motivated by recent progress in
high-flux photovoltaic devices,6,9 where we aimed to
satisfy the five objectives listed in Section 1. These
are cases in which practical systems need to accom-
modate optical tolerances of affordable manufactur-
ing procedures, as well as net flux concentration
values in the range of 300–2000 suns. Both ultracom-
pactness (aspect ratios of close to 1�4) and coplanar-
ity of the rims of the primary and secondary essential
to certain low-cost high-volume production tech-
niques16 are also achievable. [The NA2 � 0.50 design
of Figs. 3 and 4(b) satisfies coplanarity and compact-
ness, but requires siting the focus above the apex of
the primary to avoid shading losses exceeding 0.03.]

The optical performance of imaging concentrators
will worsen as NA1 grows and higher-order aberra-
tions are magnified. The sensitivity to NA2 and to
compactness is subtler. As NA2 is raised, it becomes
increasingly difficult to realize compact configura-
tions without introducing excessive shading or ray
rejection. Deeper concentrators tend to be more tol-
erant to larger NA1. Similarly, a larger secondary
reduces the sensitivity to NA1, but at the expense of
greater shading.

Efficiency-concentration relations for tailored im-
aging designs are superior to those of corresponding

Fig. 2. Design for converging complementary devices (here with
NA2 � 0.5), in analogy to Fig. 1.

Fig. 3. Tailored imaging concentrator designed for NA2 � 0.50.
The absorber is sited in the focal plane (the solid dot indicates the
focus). Flux maps are plotted for a range of NA1 values.
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conventional imaging devices. This would appear to
derive from the dependence of aberrations on the
f-number (f). First-order aberration is proportional to
f2, whereas second-order aberration is proportional to
1�f (the reason that compact conventional imaging
systems incur severe coma).12 It also explains why
the most compact tailored imaging concentrators
with low shading are least tolerant to increasing NA1.

5. Collimators

In illumination mode, a quasi-Lambertian source
emitting over NA2 sits at the focus. Collimation is
required over a nominal NA1 (at high efficiency). NA1
for the actual illuminator comprises the convolution
of the extended source with optical errors. The source
could, for example, be an optical fiber or a light-
emitting diode and would be sized based on the pre-
scribed NA1, with the minimum source size following
from the restricted thermodynamic limit [Eq. (2)].

The design of Fig. 4(b) (in illumination mode) offers
an illustrative example. The flux maps of Fig. 5 sum-
marize the ray-trace results. The angular depen-
dence of irradiance is the same at near and far field
here because the distinguishing factor of cos4��� for
far-field illuminance is essentially unity �NA1
� 0.020�. The resemblance between flux maps in con-
centrator and collimator mode follows from the rela-
tion between the concentrator acceptance angle
function and the collimator far-field illuminance.17

Radiative losses stem from

(1) trapped rays that either exit through the apex
region of the primary or are reflected to the base of
the source (analogous to shading losses in concentra-
tors);

(2) off-axis rays from the periphery of the source
that miss the secondary (zero-reflection emissions);
and

(3) off-axis rays reflected to large emission angles.

The latter two categories can be decreased by modest
overdesign, e.g., by slightly increasing the design
value of NA2 relative to the NA2 of the actual light
source. The ray-trace results portrayed in Fig. 6 re-
late to a collimator with a moderate overdesign: The
actual source possesses NA2 � 0.46 but the design is
for NA2 � 0.50, with a target collimation NA1
� 0.010.

6. Discussion

We have explored the ability of purely imaging two-
stage concentrators and illuminators to provide radi-
ative transfer at the thermodynamic limit. Their
mirror contours are tailored to eliminate zeroth- and
first-order aberrations in devices devoid of chromatic
aberration. When the NA of far-field sources or tar-
gets does not exceed around 0.02, these aplanatic
systems outperform even the best nonimaging coun-
terparts. Their practical virtues include ultracom-
pactness (aspect ratios close to 1�4) and the ability to
accommodate a large gap between the focus and the
mirrors. The reflector shapes are monotonic functions
that can be expressed analytically, which is impor-
tant in both tenable optimization studies and afford-
able manufacturing procedures. Case studies that
cover a wide range of NA reveal both the robustness
and the limitations of such devices.

Although the devices analyzed here are axisym-
metric, optical systems may require different shapes

Fig. 4. Sample tailored imaging concentrators and their efficiency
concentration curves.

Fig. 5. Flux maps when the design of Fig. 4(b) is deployed as a
collimator. Intensity I is scaled such that�I���d�sin2���� equals the
efficiency.
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for the absorber or entrance aperture. Flux unifor-
mity may also be crucial. Solutions are available for
such modifications in geometry and range from light
guides that accommodate the geometric conversion,
albeit at a dilution in concentration,18,19 to micro-
groove structures that achieve the shape conversion
at minimal reduction in flux.20 Such constructions
can modify the tailored imaging designs described
here and, in the spirit of economy of presentation, are
delegated to future case-specific studies.

We acknowledge the design challenges in high-flux
photovoltaic concentrators provided by Steve Horne
and Gary Conley of H2Go Inc. (Saratoga, California),
as well as their support of our research and their
commercial development of maximum-performance
tailored imaging photovoltaic concentrators. All line
drawings in this paper are reproduced from Ref. 21
with the publisher’s (Society of Photo-Optical Instru-
mentation Engineers’) permission.
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Fig. 6. Illustration of collimation performance. The actual source
has NA2 � 0.46, but the illuminator is slightly overdesigned for
NA2 � 0.50. The intended collimation is NA1 � 0.010. The upper
and lower drawings pertain to near- and far-field targets, respec-
tively.
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